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Mike’s bool has pages Like this which help a student do a calculation

a5 QOuarks, plwons and lattices

Tas is ovaluated grapbacally in figure 8.8 Here we first use figare £.5 to
aroct all lines ards, then we use figure 8.6 10 climinate these lines, and
finally we use the identity from figure £.4 1o oblain the result

Toar = (1 /n) 3, 8, (8.58)
As a linal example consader

I= |dggy(x

2/
\~ ~ : £\
f S\ \
oD & )
Fig. £.9. The integral [ dg gy, 83! £ue 558 (Creutz, 19758)

In figure 8.9 we use figure £.5 10 cxpress 7 m terms of 2x upward hnes
n't)

.

Use of figure 8.6 at thus posnt would give an expression with (2a)!/(2
lcrms, Some simple tricks allow us 10 samplsfy this expression for general
n. All terms in this sum have four, an even namber, of ¢ vertices both at
the 1op and at the bottom of the daagram. These can all be chminated using
identities smilar to those in fgure 8.4, Thus the resull must Bnally appear
in terms of sets of Kronecker 4 symbols connecting soparately indices al

the top and bottom of the diagram. Furthermore, mote that a Kronecker
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$ cannol connect the indices § and m or / and » because they cun be
initially coupled oaly through an odd number of ¢ vertices. Thus the fnal
expression for the integral must take the form

1o o808y dept 8 duidindes)

O LT Y A )\ (5.60)
where only two independent cocflicients are meoded because of the A« » py
symmetry of the integrand. The coeflicients a and & can now be determined
by multiplying by 4,, and using figure 8.7a to reduce the integral to that

Ll —[ ./

| —
il = e

Wy
( -/ g \I
Yy 7\ /

Fig. £.10. Evaluation of the coofhc @ and 5. The choned Grcles repeesent
» n (Creutz, 19745)

alrcady cvaluated in figure 8.8, This sequence of steps appears in figure
510 and leads 10 the conclusion

am | /(w*=1)
b 1/ {n(n*—1))
Inserted into eq. (8.60), this grves the desired integral
Problems
1. Show that for 2-by-2 matnces det (4) = H(Tr 4)"—Tr(A")). What is

the corresponding formula for 3.by-3 matnces?

2. For SUn) evaluate .\Ir Tr(z®)
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Mike’s boolk has eleqant pictures Like this which help a student
understand renormalization group

Uwarks, gluons and lartices Remormalization and the contimen ftmir

As the bare charge at some very small cotoll passes throwgh g, the
corresponding mnital value /7, deastically changes #s we go » slaircase
on one side of g, to the other. Loagdistance physcs depens
analytically on the re coupling and we have a phase transitson
carresponding statistical mechanical system. The critical exponent
trasetion are relatod 1o the veslopes of Hir, a, g, ) and M\ 2r. a,

the critscal point. The abscdule slopes of these fuactions depend

imatial valoe of a/r used 1n their definition

daircame comtruction for an asymptotially free theory
(Creutz, 19%1a)

A thoory withou! 2 son-trivaal coat

points. One could also |
oq. (12.12) again holds but

(1(a/dg) Hir, o, g)| = 1(d/dg) i 2r.a,gX) |,
in

th
contimuum hewt at such an ultraviolet repulsive fixed

5 case the simircase constrection leads one

posuble only of g, 1s exactly g,
' Another ;\n\\lhl: M0 1S that al soene stage i the renormabzation
o 2 non-trvvaal foed poim process og. (12.11) has no solution. Such & case is illustrated in ligure 12.3
Y a @ b Oothe " sishine coundne Here 1he stalrcase Al & certain pount 0 the coastruction o is no § nger possible 1o masniamn
Hlr, @, g,) CTOss CACh OLRCT Al a2 non-va ECoupang H at vis dosired phys value re dless of what goes &« ¢ bare charge
Several a ’ ut and Wilson, 1974; Baker and o, 1999;

Hender er af, 1981, Freedman, Smolensky and Weangarten, 1982) have

aches this crossmg posnt. At this renormalization

£ ». physics becomes scale invanant
- ' 19
MHir.e.xy) Hlr.a.2p) 12.13) sugpested that this may be the case for four-dimensional ¢* theory, which

Note that g, can be approached cither from stromper or weaker comphing may therefore not have a non-trivial continuum limit
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Some slides from a talk b\j
Herbert Neuberger at the
January 199§ Santa Barabara
chiral fermion workshop

organized bv Milce
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Mike amoing kangaroos at the
Tidbinbilla Nakure Preserve near Canberra
U jume 1995
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Two Dimensional QCD ak
Funike Temperabture and
Chemical Potewnkial

Ra jamamni Narayanan
Florida Inkternational Umiversiév
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I will g0 back to a relatively old paper to sEu,clj the theory at finite
Eemyara&ure and chemical Fo&em&ai.

Canonical ensembles and nonzero density quantum chromodynamics
A. Hasenfratz, D. Toussaint (Arizona U.). Jun 10, 1991. 15 pp.

Published in Nucl.Phys. B371 (1992) 539-549

AZPH-TH-91-21

DOI: 10.1016/0550-3213(92)90247-9
References | BibTeX | LaTeX(US) | LaTeX(EU) | Harvmac | EndNote
Science Direct

Detailed record - Cited by 76 records

o To the best of my khowledge, much of the work following this
2NN been in the numerical evaluation of the fourier
components of the partition function with imaginary chemical
potential.

o I will follow a slightly different route. A recent reference
close to what I will talk aboub here is

A property of fermions at finite density by a reduction formula of fermion determinant
K. Nagata. 2013. 7 pp.

Published in PoS LATTICE2013 (2013) 207

Conference: C13-07-29.1 Proceedings

References | BibTeX | LaTeX(US) | LaTeX(EU) | Harvmac | EndNote
Link to Fulltext
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Close ko a Hamiltonian formalism in a fixed gauge field background

Partially gauge fix so thot all temporal links are set to unity except the
one set of Links that closes the perwdix; Lattice

= e HInNV Ny / dU;(x, k)dUy(x)e” (H det(—B; det [1 — Te”] Ny

j=1

emyorat Lindes
that close the
pemodw Laktice

e
Labels the  Eime slice
s[m&i.ai F’OEV\&

BN D ) (Si(x, k) + Si(x, k)

x k=1

MQSM@.ELC Sy Z Tr [U (x, k)U;(x + i, k) { U;(x, k)Ui(x + 7, k)}f‘

I]—

d-1

B 500k = Do (Uit U]k + 1) + Uil k4 DU B)] 5 k€ [1m 1]
Electric € .

[U (%, n)Ua(x + 1) {Ua(x)Ui(x, 1)} + Ua(x)Ui(x, 1){U,-(x,n)Ud(x+5)}1
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Hamiltlonian integrated over Euclidean time in a
fixed gauge field background
This formula can be found
in the original paper bj
Hasenfrakz and Toussaint

J This factor arises due to the presence of the
Ee_mporat Linkes Ehat close the [oe.riociﬁz: Laktice

B, = d+ M - ;Z(Tj(k)+fl“}(k))

j=1

d-1
G = 3 Y0 (TR -T®);  Cl=-Ch

(L)) = Uy(x, Kpp(x+3)
TR = Ulx— . kp(x—3%  TIT = 1;
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Properties of 7

det7; = 1 and det7, = 1 for all k= =

right eiqenvectors WNIENIYY

we can show Ethat

DURIA = RIAT

for every eigenvalue D;, we have another eigenvalue -

Dj

Using det 7 = 1, it follows that

det C
— — — T
1 =detD et CF = detC = detC
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Euclidean ktime reversal

o Grauqge ackion remains the same
e Wilsown kterm remains Ehe same

T => TdTTTJ

det [1 = Te”’ﬁ] = det [1 - TTe“ﬁ]

the partition function is real and an even function of u(
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Global Zy transformations

Partition function can be rewritten as

(H Z ) 6“3[25\’:‘(”—8‘)1 Z{s,',rg}

i=1 8;,1r;=

where

n N.f K
Z{s,',r.'} — /dU;(X, k)dUd(X)eS-" (H det(—BJ)> det, C) J\Y H
j=1

i=1

2rk

Under a global Zy transformation, Uy(z) — €'~ Ui(x); k

o Grauge ackion remaiins the same
e Wilsown kterm remains Ehe same

T — &%, det(—C) — det(~0)

has to be a mulkiple of N
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A double expav\sion
'n,,-VNf QKNf

S NN Zpg;

Q=—nVNy P=0

Zea=|]] D> |9 (Z (r; — 8;) — NQ) ) (Z (r; + 8;) — P) Zisir

i=1 s;,r;=0 =1 =1

n Ny
Z{Si,T‘i} — /dUz(X, k)dUd(X)GSg (Hdet(—BJ)) (det Nfl—[ (—D s, *)
j=l1

i=1

Zoo is positive definite for even number of flavors and is the partition
function at zero temperature and chemical potential.

We expect ZZ’OS to lead off as e”™r?” with mpg < m(py1)0

e W ¢ Lowestk mesoniec excibtabion
e n . Lowesk barjc:»mt:: excitakion
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Numerical debails U Ewo dimensions

We sek N=3 and Ng=2,

We use the HMC algorithm.

We worlk on a L x Lt Llattice,

The lattice gauge coupling is set to b= L2/(4A)
where A is the physical area of the continuum torus.
¢ The Wilson mass is set to my/L where m, is the

® & o @

qu,m% WA SS,

o Keeping, A, mq, L fixed, we measure mzo and ms; bfj
taking Le to infinity,

o The continuum Limit is taken by sending L to
infinity at fixed A and m,,

o
We it the mass as a function Ky
We £i funcki Q _ Z (azkm?,k n b2k+1m§’“+1
of the quark mass to P
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Is negative quark mass different from positive quark mass?

oo

2k 2k+1
E (azkmq + bak+1My + )

k=0

o Since the fit seems to need b: and b;, the meson and baryon masses are not even
functions of the guark mass.

o Since b1 seems to go down with decreasing A, the minimum mass occurs closer to
zero quark mass,

o The asymmetry tends to increase with decreasing A, since there is only one term
(bs) that matters.

e Mz1/3 > mee/2.

e The value ot zero quark mass does not seem to depend on the size of the torus.

e The quadratic dependence on the quark mass also does not seem to depend on the
size of the torus.
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Why is negative quark mass different from positive quark mass in two
dimensional QCD?

We do not have global Eopoi.og'j i bwo dimensions.

Wilsown kerma:

M -> =M is hot the same as Wilson term qoing to iks owih negative

As we bake the continuum Limit, the L&Pi&ﬁi&&\ th the Wilson kterm needs
to become irrelevant compared to M.

Our results for the meson and baryon excitation masses suggest that the
laplacian has an effect in the continuum Limit. It is possible this is
special to two dimensions.

HET-RBRC Symposium

CreutzFest 2014 Brookhaven National Laboratory
A Celebration of the Career and Accomplishments of Michael Creutz upton, NY 11973 USA




What about overlap fermions?

e By construction, the fermion operator is an even
function of the quark mass at zero topology

o We expect the meson and baryon excitation
masses to be an even function of the gquark
masses.

o Bul, as Mike has suqqested i his papers, there is
still a Wilson mass parameter in the overlap
formalism. The onus is on the overlap formalism
to show that physics does not depend on the
Wilson mass parameter.

Some work is needed to work out the details for the
overlap formalism to obtain the results obtained
here with Wilson fermions.

Prior to working with overlap fermions, it will be interesting to s&u,d.:j
Wilson fermions for N > 3
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